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Asymmetric thermal vibrations of atoms and
pyroelectricity in cancrinite
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The crystal structure of C03-cancrinite was analyzed by applying a generalized structure factor expression of
the Gram-Charlier expansion to the least-squares refinement performed by using the X-ray intensities measured
on single crystals at 173, 293, 473, and 673 K. No satellite reflection or diffuse scattering was observed. The
space group is P63 with unit cell a = 1.2604(3) and c = 0.51144(8) nm at 173 K, and a = 1.2709(4) and c =

0.5202(6) nm at 823 K. The temperature behavior for the dehydration and the unit cell dimensions were consid-
erably different from those previously reported for C03-cancrinite, which shows superstructure reflections.

Two position vectors were assigned to each of the framework atom sites or the C03 site for examining its
asymmetric probability density function-s-one for the free energy minimum and another for the potential energy
minimum. Two polarization vectors were obtained for a unit cell from those position vectors and ion charges.
The rigid ion contributions to the pyroelectric coefficients peG) (measured under a constant stress c) and the sec-
ondary coefficientp(2) were finally estimated from the temperature dependences of the polarization vectors.
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INTRODUCTION

Cancrinite is a tectosilicate mineral belonging to a polar
space group P63 (Grundy and Hassan, 1982), which al-
lows the crystal to polarize electrically along the hexago-
nal c-axis. Figure 1 illustrates the structure of cancrinite
in projections along [001] and [210]. Symmetrically inde-
pendent atom sites obtained from the split-site refinement
in the present study are shown in Figure la; the z-coordi-
nates are rounded off and given in parentheses. Some
measurements of the pyroelectric coefficients have been
reported for C03-cancrinite at temperatures 4.2-500 K by
Drozhdin et al. (1975) and Kozlov et al. (1989). These au-
thors found that the temperature dependence of the pyro-
electric coefficient pea), which was measured under a con-
stant mechanical stress c, is non-monotonic, including
sign changes below 100 K, and has some polarization re-
laxations. Most of these studies have pointed out the im-
portance of water molecules in the absolute values of pea),
although the interpretation of temperature behaviors is not
unique. Drozhdin et al. (1975) considered two cases,
wherein the primary and secondary (the piezoelectric ef-
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feet due to thermal expansions) effects are predominant,
whereas Kozlov et al. (1989) considered the temperature
dependence of the primary effect as the reason for the
sign change. In a more general interpretation, another
possibility has been pointed out on the basis of the com-
pensation between the two values of the changes in polar-
ization---one value for the alumino silicate framework and
another for one or more mobile structural elements pos-
sessing nonzero intrinsic dipole moments (Galitskii,
1981). Many compounds contain molecules or complexes
in channels or voids in their structures, which are bound
to lattice skeletons by weak hydrogen bonds. Galitskii
(1981) focused on the influence of the disorder of dipolar
structural elements on total pyroelectric polarization by
considering the correlation between the anomalous behav-
iors of pyroelectric coefficients and the hindering of the
mobility of dipolar structural elements.

Previous studies on the pyroelectricity of cancrinite
have primarily employed the measured pyroelectric coef-
ficients of cancrinite without having any detailed descrip-
tions of atomic configurations in the crystal. In general,
we can estimate the thermodynamic equilibrium position
of an atom K, rK(e),i.e., the position corresponding to the
free energy minimum of thermally strained crystals, as
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(a)

(b)

given in a diffraction study (Mair and Wilkins, 1981). At
temperatures above 0 K, an atom having asymmetric one-
particle potential energy (o.p.p.) (or averaged potential
energy) undergoes asymmetric thermal vibrations around
its minimum at rK(m), as a result of which rK(e) is displaced
from rK(m). On the other hand, the measured pyroelectric
coefficient p(cr) (at a constant mechanical stress a) at tem-
perature T (K) is the sum of the primary coefficient p(l) at
constant strain and the secondary coefficient p(2) that cor-
responds to the piezoelectric effect due to thermal strain.
Mair and Wilkins (1981) expressed the rigid-ion contribu-
tion to p(l), which relates rK(e) to p(cr), as follows:

1 a (c)
(1) I . rm _ (2)v: - V K=lq, er r:

cell
(u=lt03) (1),

where qK is the charge associated with the x-th ion in a
unit cell; Vee]], the volume of a unit cell; and T, the tem-
perature.

In a refinement using X-ray or neutron diffraction

Figure 1. Structureof C03-cancrinite
projected along (a) [001] and (b)
[210]. Atoms are indicated using
50% probability ellipsoids in the
split-siterefinementat 293 K. Sym-
metrically independent atom sites
used in the refinementsappearwith
names and round numbers of frac-
tional coordinatesz in parentheses
in (a).

data, we can determine the first- and higher-order coeffi-
cients of the atomic probability density function (p.d.f.).
An asymmetric p.d.f. is characterized by two kinds of
coordinates-the centroid (center of gravity) and mode.
The centroid for atom K can be obtained from the corre-
sponding p.d.f. and is expected to be a measure of the
thermodynamic equilibrium position, rK(e). The first term
on the right-hand side of equation (1) can hence be calcu-
lated using X-ray data. On the other hand, the secondary
coefficient p(2) in equation (1) is usually calculated using
the separately measured coefficients of piezoelectricity
(dij), elastic stiffness (Cjk), and thermal expansion (Uk).
The main purpose of the present study is to represent p(2)

using atomic coordinates to establish the atomic mecha-
nism of the pyroelectric polarization.

The cancrinite structure, which can accommodate
polar or charged units in its channels and cages, provides
a good example for evaluating the roles of the framework
atoms and extra-framework atoms or units in the sponta-
neous polarization and its temperature coefficients. In the
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present study, we report the results of the application of a
generalized least-squares method to determine the indi-
vidual atomic p.d.f. 's in a C03-cancrinte sample at differ-
ent temperatures; further, we apply the position data ob-
tained from p.d.f. 's to calculate the two values of
polarization vectors and their temperature coefficients,
p(cr), p(2), and then p(l) in a rigid-ion approximation. The
results are compared with the literature values for pyro-
electric measurements to evaluate the feasibility of our
process, and then they are used in discussing the atomic
mechanisms of pyroelectric coefficients in cancrinite.

SAMPLES AND CHEMICAL ANALYSES

The crystals of cancrinite used in the present study were
found coexisting with sodalite in pegmatitic rocks at
Ilmen Mountains (Ural). A piece of granular block of ap-
proximately 1 em length was crushed into fragments, and
transparent and colorless crystals, mostly tabular or pris-
matic, were collected. An X-ray powder measurement
was conducted for these crystals, and it showed a diffrac-
tion pattern that identified it as C03-rich cancrinite. Ther-
mogravity (TG) measurements revealed a quick and large
decrease in weight at around 1200 K. This weight loss is
comparable to the weight loss at 1220 K that was assigned
to the release of CO2 from a C03-cancrinite sample ob-
tained from Dunganon Township, Bancroft (Canada), by
Hassan (1996). Some fragments were examined by using
a polarized microscope and X-ray photographic methods
for determining the quality of the specimens and diffrac-
tion characteristics including symmetry (Laue group 6/m)
and crystal data. The X-ray single-crystal photographs
showed clear diffraction spots as usually obtained from
good quality crystals. In a preliminary step, we compared
the Russian specimens with those from Litchfield, Maine
(USA), by taking precession pictures. The Maine speci-
men showed rather sharp superstructure spots, and their
positional relationship with the main reflections appeared
similar to those previously reported for the Canadian
samples (Grundy and Hassan, 1982). On the other hand,
no satellite or diffuse reflections were observed in the
case of the Russian crystals (the operating conditions for
the X-ray experiment were nearly identical to those for
the Main sample). Hence, in the present study, the Rus-
sian crystals were chosen to avoid structural complica-
tions related to the origin of the superstructure. Our sam-
ple had higher Na content than Ca. It is noteworthy that,
according to Foit et al. (1973), materials from the two
localities, which they studied, commonly showed super-
structure reflections and had an unusually high Ca con-
tent.

Electron probe micro-analyzer (EPMA, JEOL
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8800R) measurements were performed for Si, AI, Ca, Na,
K, and S at 14-16 points in the polished surface of the
crystals: these elements were nearly homogeneously dis-
tributed in the section of the crystals. The amount of C03
was first estimated with the weight loss at around 1200 K
in the TG measurements. The chemical composition, ex-
cluding H20, is given as Si630Als71Ca09sN%84(C03)12l(S
04)01S for 24 0 atoms of the framework. The structural
formula of cancrinite can be expressed as X2Y6[(Tl)(T2)(
01)(02)(03)(04)]6 A2W2, where both X and Yare the
sites for Na and Ca; Tl and T2 for Si and Al ; A for C03
with a C atom and three symmetrically equivalent 0 at-
oms represented as 05; W for H20 with an 0 atom denot-
ed as 06; and 01 to 04 for the framework 0 atoms. S04
could be accommodated in site A, but it is ignored in the
present refinement. In the X-ray least-squares refinement,
the content of site A was refined to be 1.66 C03 instead of
1.21, whereas a site W had high H20 content (for exam-
ple, 1.98 at 293 K).

X-RAY MEASUREMENTS

Three single-crystal specimens, which were ground with
a Bond grinder to pseudospheres of radii of approximately
0.14-0.15 mm, were prepared for X-ray diffraction mea-
surements. Integrated intensities were measured at 173 K
with a charge coupled device (CCD) diffractometer
(RIGAKU Mercury), and at 293,493, and 673 K using a
4-circle diffractometer (RIGAKU AFCS). The unit cell
dimensions were measured at 13 temperatures, 12 of
which were above room temperature (with the 4-circle
diffractometer) and one was below room temperature
(with the CCD diffractometer), separately from the inten-
sity measurements. Figure 2 illustrates the temperature
dependence of unit cell dimensions a and c; weak but
sharp falls can be observed at around 673 K. The cell di-
mensions were fitted taking nine temperatures below 673
K with a cubic equation having the following form:

a (or c) = uT + vT2 + w (2),

where u, v, and ware the parameters to be determined,
and T is temperature. Figure 2 also shows the linear ther-
mal expansion coefficients al and a3 calculated using the
parameters determined; they change along the upward
convex curves with a maxima at around 350 K and be-
come nearly zero (u.) and negative (a3) at approximately
673 K. All the X-ray measurements were performed us-
ing graphite-monochromatized MoKa radiation. The low
temperature was attained using a N2 gas-flow cooling de-
vice placed on the CCD diffractometer, where the temper-
ature was controlled within ±1 Kat 173 K. High tempera-
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Figure 2. Temperaturedependencesof unit-cell dimensions(a) a
and (b) e, both in nrn, and (c) linear thermal expansioncoeffi-
cients Ul and U3 (K-1

), both multipliedby 105 in C03-cancrinite.
Error bars correspond to one e.s.d. Ul and U3 were calculated
with parametersobtainedafter fittingnine sets of a and e below
623 K using equation (2). The parametersin this fitting are as
follows:u (nm/K') = -4.38 x 10-11

, v (nm/K') = 4.916 x 10-8
, w

(nm) = 1.25915,and goodnessof fit R2 = 0.998 for a, and u =

-5.454 x 1O-11,v=5.45l x 1O-8,w=0.5l0l5,andR2=0.993 fore.

tures were attained using an electric furnace, and the
temperature was regulated within a range of ±1 K around
the set temperatures at a distance of approximately 1 mm
from the center of the crystal. The preliminary hexagonal
diffraction symmetry determined from the photographic
methods was confirmed with an overall internal agree-
ment for equivalent reflections-l.4% for 1138 equiva-

lent groups at 173 K. With the given Laue group symme-
try, two space groups-P63 and P6im-are possible; the
possibility of the latter is eliminated at this stage because
of the possibility of pyroelectricity.

By using a 4-circ1e diffractometer, integrated inten-
sities were measured in the 0)-28 scan mode for the
reflections of 28 :0:; 70° for half the reflection sphere. In the
case of the measurements using the CCD diffractometer,
intensity data were collected within the full sphere of 28
:0:; 50°. The measured intensities were converted to struc-
ture factors or their squares after applying Lp corrections;
the absorption was negligible and W < 0.089. Averages
over equivalent reflections for the point group 6 were tak-
en, and those larger than the corresponding 30- were used
in the refinements at 293,473, and 673K or at 173 K.

X-RAY SINGLE-CRYSTAL ANALYSES

According to Jarchow (1965), the electron density distri-
bution around 06 of the water molecule showed a strong
possibility of disorder over the three positions around the
3-fold axis. Grundy and Hassan (1982) also demonstrated
another type of disorder at one of the oxygen atoms (05)
and at the carbon atom in two parts along the 63-axis.
These authors successfully refined the structure using a
split-site model. Our Fourier syntheses for the room tem-
perature data showed electron density distributions sug-
gesting the possibility of almost identical disorders around
the same atom sites as in the previous studies.

The present least-squares refinements were applied
to both the split-site model of Grundy and Hassan (1982)
and an ordinary model; however, in contrast to the former,
no specific assumption regarding the atomic p.d.f. 's was
made in the ordinary model. The results of the split-site
refinement were obtained to draw structural pictures and
to compare with the literature data. The possibilities of
positional disorder as well as the relationship between
asymmetric p.d.f. 's and spontaneous polarization in the
crystal are discussed on the basis of results of the refine-
ment of the ordinary model employing higher-order terms
of p.d.f. 's in the Gram-Charlier expansion (Johnson and
Levy, 1974). A least-squares program LSGCEX (Kihara,
1990) was used for the refinements with coefficients up to
the fourth-order term. In the beginning, the positive (or
negative) direction of the c-axis (from Grundy and Has-
san (1982)) was determined for all the spherical speci-
mens by comparing the R-factors in the least-squares re-
finements with the sets of reflections indexed for the two
possible orientations. Significant differences resulted; for
example, the value was 0.018 for one dataset, while it was
0.024 for another dataset, both at 293 K in the final stage.
In the least-squares refinement, the atomic ratio C/05 was
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restrained at 1/3. (In the split-site refinement, the two
sites at C and 05 were distinguished as Cl and 051, re-
spectively, for the lower one and C2 and 052, respective-
ly, for the upper; further restraints were applied to main-
tain both the ratios for CI/051 and C2/052 at 1/3). The
spherical atomic scattering factors were obtained from the
table of Cromer and Waber (1974), and the anomalous
dispersions were obtained from the table of Cromer
(1974). The quantity minimized was Lw(lFol - k lFel?,
where k is a scale factor and w is a weighting function 1/
i(lFol) with a standard deviation s(lFol) , estimated by
counting statistics.

In the refinements at the four temperatures, the occu-
pancy parameter at site X converged to full occupation by
Na. The content of A was nearly constant at around 83%
(corresponding to 1.66 in the chemical formula) at the
lower three temperatures, but it reduced to 75% at 673 K.
The protons of H20 in site W were not identified in the
electron density maps, but a valence calculation has sug-
gested for the protons to coalesce in the water molecules
with 06 (as mentioned subsequently). The occupancy of
06 converged to values in the range from 90 to 99% at
the lower three temperatures, whereas the least-squares
calculations of any parameter for 06 failed at 673 K. A
difference Fourier synthesis with the Fe's calculated using
the structural parameters refined without 06 showed no

33

significant residuals around the expected positions. This
temperature is close to that of the dips observed in the
cell-dimension curves. With respect to these points, we
assumed that most water molecules escaped from the cor-
rect sites in the event related to the anomaly observed in
the cell dimensions, and the final least-squares cycles for
673 K were performed without 06.

As the C03 and H20 contents decreased at high tem-
peratures, the least-squares refinement was continued
with the variable compositions of 0, C03, and Na at sites
W, A, and Y, respectively, while maintaining the composi-
tions for the sites of the framework atoms-Na in X and
Ca in Y---constant. Among the higher-order coefficients
djk and d ijkl (i, j, k and Q = 1 to 3), only limited numbers
of those were found to be significant or crucial at most
sites. However, among others, A(e) was special; the enor-
mously elongated bimodal p.d.f. was successfully simu-
lated with only two coefficients, em and d 3333.

RESULTS OF STRUCTURE REFINEMENTS

Table 1 summarizes the crystallographic and refinement
data at the four temperatures. Table 2 lists the atomic co-
ordinates (first-order coefficients) and the occupancies in
the higher-order refinements; further, the averaged dis-
placements over all directions calculated from anisotropic

Table 1. Crystallographicand refinementdata for C03-cancrinite at 4 temperatures

X2 Y6 (Tl T204)6 A2 W2, X=Na, Y = 0.807Na + 0.158Ca,. Tl =Si, T2=0.951Al+0.049Si, A=0.605C03+O.07S04, W=Hp,
Space group P63, Z = 1

173K 293 K (4-circle 473 K (4-circle 673 K (4-circle
(CCD, MoKa) diffractometer, Mo Ka) diffractometer, Mo Ka) diffractometer, Mo Ka)

Used reflections 1241 for 4°<26<50° 1971 for 4°<26<70° 1757 for 4°<26<70° 1649 for 4°<26<70°
(lFol~3cr(lFol)

a (nm) 1.2604(3) 1.2631(3) 1.2659(3) 1.2681(3)
c (nm) 0.51144(8) 0.51320(5) 0.51676(4) 0.51827(4)
Vceu(nm3) 0.70366(7) 0.70906(8) 0.71715(7) 0.72177(7)
Anharmonic 1)

Np 179 179 179 186
R (Rw)' 0.0164(0.0218) 2) 0.0179(0.0259) 2) 0.0328(0.0374) 0.0457(0.0478)

Split-site model"
Np 100 100 100 91
R (Rw)' 0.030(0.023) 0.026(0.038) 0.039(0.046) 0.053(0.058)

• Lw(lFol- k IFcl)2was minimized;w = 1/cr2(lFol); k, a scalefactor;and o, the standarddeviationof lFol, basedon the countingstatistics.
R = LllFol-lFclllLlFol andRw = (Lw(lFol-lFcI)2/LWlFl)l/2
N; is thenumberofparametersrefinedin the least-squaresmethod.
1) The sites for X, Y,06, C, and 05 were refinedwith coefficientsup to the fourthorder.The sites for the framework0 atomsfrom01

to 04 correspondedto thoseup to the thirdorder,while those for Tl andT2 were refinedwith second-ordercoefficientsat 173,293,
and473 K, and thosewith third-ordercoefficientsat 673K.

2) Harmonicrefinementfor split-sitemodel.
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Table 2. Contents and first-order coefficients, x, y, and z, of the atomic sites in refinements with coefficients up to fourth-
order terms at different temperatures

Sites
.

Contents (%) 8n2 <U2>isoX 102X Y z
173K X (2 b 3) 100Na 2/3 1/3 0.1328(12) 2.33(6)

Y (6 c 1) 79.8(3)Na+ 15.8 Ca 0.1250 (2) 0.2526(2) 0.2920(4) 1.58(4)
T1 (6c 1) 100 Si 0.32804(3) 0.41074(4) 0.75 • 0.43(2)
T2(6c1) 95 Al+5 Si 0.07539(4) 0.41257(4) 0.7507(2) 0.43(2)
01(6c1) 1000 0.2024(2) 0.4031(2) 0.6694(6) 0.88(5)
02(6c1) 1000 0.1151(2) 0.5642(2) 0.7239(6) 1.32(6)
03(6c1) 1000 0.0301(2) 0.3507(2) 0.0612(5) 0.94(6)
04(6c1) 1000 0.3147(2) 0.3586(3) 0.0444(5) 0.99(6)
W(06) (2 a 3) 94(2) 0 2/3 1/3 0.685(2) 13.8(5)
A(C) (2 a 3) 81.0(8) C 0 0 0.775(7) 18(2)
A(05)(6 c 1) 81.00 0.0581(5) 0.1169(4) 0.781(2) 17.4(7)

293K X 100Na 2/3 1/3 0.1323(11 ) 2.95(5)
Y 79.7(3)Na+ 15.8 Ca 0.12486(9) 0.2525(1) 0.2917(3) 1.99(3)
T1 100 Si 0.32819(3) 0.41079(2) 0.75 • 0.561(9)
T2 95Al+5 Si 0.07528(3) 0.41256(3) 0.75085(9) 0.57(1)
01 1000 0.2030(2) 0.4048(2) 0.6607(5) 1.12(3)
02 1000 0.1142(2) 0.5637(2) 0.7271(5) 1.61(4)
03 1000 0.0292(2) 0.3502(2) 0.0594(4) 1.14(3)
04 1000 0.3151(2) 0.3582(2) 0.0421(4) 1.18(4)
W(06) 99(2) 0 2/3 1/3 0.689(2) 13.9(5)
A(C) 81.7(7) C 0 0 0.779(4) 19(2)
A(05) 81.70 0.0576(4) 0.1164(4) 0.780(2) 18.1(6)

473K X 100Na 2/3 1/3 0.132(3) 5.4(2)
Y 78.8(5)Na+ 15.8Ca 0.1254(2) 0.2542(2) 0.2890(6) 4.34(6)
T1 100 Si 0.32859(4) 0.41106(4) 0.75 • 0.84(2)
T2 95Al+5 Si 0.07515(5) 0.41283(5) 0.7508(2) 0.87(2)
01 1000 0.2041(3) 0.4070(3) 0.6696(8) 1.69(5)
02 1000 0.1126(3) 0.5631(3) 0.7321(9) 2.24(5)
03 1000 0.0259(3) 0.3485(4) 0.0539(7) 1.65(5)
04 1000 0.3164(3) 0.3554(4) 0.0369(7) 1.64(5)
W(06) 94(4) 2/3 1/3 0.696(4) 21(2)
A(C) 83(1) C 0 0 0.782(6) 16(2)
A(05) 830 0.0559(9) 0.1127(7) 0.781(3) 20.3(7)

673K X 100Na 2/3 1/3 0.132(4) 7.5(2)
Y 77.0(7) Na+1.58Ca 0.1256(3) 0.2551(3) 0.2855(9) 4.10(6)
T1 100 Si 0.3288(2) 0.4116(2) 0.75 • 1.34(3)
T2 95 Al+5 Si 0.0753(2) 0.4137(2) 0.7502(6) 1.40(3)
01 1000 0.2043(4) 0.4075(5) 0.675(1) 2.58(8)
02 1000 0.1139(4) 0.5636(4) 0.733(2) 3.22(8)
03 1000 0.0235(5) 0.3484(5) 0.0501(10) 2.43(7)
04 1000 0.3185(5) 0.3548(5) 0.0337(10) 2.40(8)
W(06)**
A(C) 75(2) C 0 0 0.775(10) 17(2)
A(05) 750 0.054(2) 0.1104(10) 0.783(5) 24(2

Atomic displacements averaged over all directions <U2>iw (nm") were obtained from harmonic refinements.
The atomic site names are followed by the number of positions, Wyckoff notation, and point symmetry in parentheses.
Ratio C to 0 was restrained at 1/3. The estimated standard deviations are indicated in parentheses .
• Fixed during refinements.

"Vacant.

temperature factors in the refinement of the ordinary contents of Tl (fully occupied by Si) and T2 (fully occu-
model terminated after the second-order terms are listed. pied but mostly by AI). The Tl-O and T2-0 distances (0
The atomic distances and angles were calculated for the from 01, 02, 03, and 04), which, in most cases (except
coordinates obtained in the refinements after omitting the for Tl-03 and T2-04) have weak negative temperature
higher-order terms for convenience to compare with liter- dependences, were corrected for thermal displacements; a
ature values. The distances and angles in Table 3 are com- simple rigid bond model given by Downs et al. (1992)
parable with those listed in Grundy and Hassan (1982). was employed. The corrections resulted in larger T -0 val-
The Tl-O and T2-0 distances appear consistent with the ues, but remained only at about I-estimated standard de-
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Table 3. Selected atomic distances and angles for atomic mean positions
(a) Distances (nm) x 10

Site 173K 293K 473K 673K
Tl

- 01 1.610(2) 1.612(2) 1.608(2) 1.606(4)
(1.612) (1.614) (1.611) (1.611)

- 02 1.608(2) 1.609(2) 1.605(3) 1.602(3)
(1.611) (1.612) (1.610) (1.609)

- 03 1.622(2) 1.622(2) 1.622(3) 1.623(4)
(1.624) (1.624) (1.625) (1.627)

- 04 1.622(2) 1.620(2) 1.619(3) 1.615(3)
(1.624) (1.622) 1.622) (1.619)

Mean 1.620(1) 1.616(1) 1.614(2) 1.612(2)
01-02 2.600(2) 2.601(2) 2.600(3) 2.594(3)
01- 03 2.607(3) 2.610(3) 2.603(4) 2.600(5)
01-04 2.652(3) 2.652(2) 2.644(4) 2.635(5)
02-03 2.681(3) 2.680(3) 2.682(4) 2.682(6)
02 -04 2.679(3) 2.680(3) 2.676(4) 2.679(6)
03 -04 2.605(2) 2.603(2) 2.600(3) 2.597(4)

Mean 2.637(2) 2.638(2) 2.634(2) 2.631(2)
T2

-01 1.729(2) 1.729(2) 1.726(2) 1.724(4)
(1.731) (1.731) 1.729) (1. 728)

-02 1.722(2) 1.720(2) 1.713(4) 1.712(3)
(1.725) (1. 723) 1.718) (1. 718)

-03 1.734(2) 1.737(2) 1.736(3) 1.729(3)
(1.736) (1.739) 1.739) (1.732)

-04 1.745(2) 1.749(2) 1.751(3) 1.755(3)
(1.747) (1.751) 1.754) (1.759)

Mean 1.733(1) 1.734(1) 1.732(2) 1.730(2)

01-02 2.768(3) 2.764(3) 2.761(4) 2.751(5)
01-03 2.822(2) 2.827(2) 2.821(3) 2.813(4)
01-04 2.787(3) 2.792(3) 2.785(3) 2.782(5)
02 -03 2.905(2) 2.906(2) 2.901(5) 2.904(4)
02 -04 2.914(2) 2.913(2) 2.915(5) 2.922(4)
03 -04 2.763(2) 2.769(2) 2.768(3) 2.761(4)

Mean 2.827(1) 2.829(1) 2.825(2) 2.822(2)
X

- 01x3 2.877(2) 2.866(2) 2.854(2) 2.857(3)
- 02x3 2.429(2) 2.444(2) 2.469(3) 2.461(4)
- 06 (lower) 2.342(7) 2.355(8) 2.318(26)
- 06 (upper) 2.891(7) 2.883(8) 2.903(23)
Mean 2.644(2) 2.646(2) 2.649(5) 2.659(4)

Y
-01 2.496(2) 2.524(2) 2.568(3) 2.605(4)
- 03 2.428(2) 2.445(2) 2.457(3) 2.473(4)
- 04 2.441(2) 2.459(2) 2.472(3) 2.484(3)
- 051 * 2.429(7) 2.407(7) 2.455(13) 2.492(20)

2.440(7) 2.448(7) 2.475(12) 2.487(13)

- 052 *
2.462(5) 2.472(5) 2.498(10) 2.506(11)
2.432(10) 2.457(11) 2.450(24) 2.491(26)
2.439(7) 2.429(8) 2.504(25) 2.520(40)
2.455(9) 2.461 (9) 2.475(26) 2.491(20)

- 03 2.882(2) 2.875(2) 2.845(3) 2.839(4)
- 04 2.914(3) 2.906(3) 2.870(3) 2.862(5)

Cl - 051 1.296(8) 1.292(7) 1.265(12) 1.264(11)
C2 - 052 1.308(8) 1.291(7) 1.265(13) 1.299(41 )
C1 - C2 1.204(60) 1.195(49) 1.229(52) 1.091(169)
051 - 052 1.207(14) 1.229(16) 1.298(28) 1.280(43)

• Either 051 or 052 can coordinate with Y-site cations.

(b) Bond angles in degrees for Tl-O- T2 and o-c-o
173 K 293 K 473 K 673 K

Tl-01-T2 146.4(1 ) 147.4(1 ) 149.8(2) 151.5(2)
Tl-02-T2 151.1(1) 151.86(9) 153.2(2) 152.2(2)
Tl-03-T2 133.2(2) 133.8(2) 135.1(2) 136.6(2)
Tl-04-T2 133.18(8) 133.71(7) 135.0(2) 136.2(2)
051-C1-051 118.7(7) 119.8(4) 120.0(6) 119.5(11)
052-C2-052 118.7(10) 119.5(7) 120(2) 115.5(50)

Distances corrected with a simple rigid bond model are also shown for each T-0 bond in
parenthesis.
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Asymmetric thermal vibrations of atoms and pyroelectricity

viations (e.s.d.).
The position vectors rK (e) and rK (m) were obtained by

analyzing the atomic p.d.f., PK(U'), which was calculated
using an equation expressed in the repeated summation
convention as follows:

[
I iik

p (u")» p (u') l+-c 1J H" (u')
K K 3! K 1Jk

I "kl ]+-d 1J H"ll(u')
4! K lJ (

(3),

where an orthogonal coordinate systemX//[210], Y//[010],
and Z//[OO1]was chosen for the displacement vector u' of
the atom from its position represented by the first-order
coefficient Xi, i.e., x, y, and z, tabulated in Table 2; H rep-
resents the multidimensional Hermite polynomial tensors;
and PK(U'), the Gaussian p.d.f. with the mean and disper-
sion chosen such that the first and second terms disappear
(Johnson and Levy, 1974). In the present study, pi"') in
equation (3) was calculated using the first- and second-
order coefficients in the higher-order refinements. The
(100) sections of the p.d.f. maps at the X, Yand frame-
work 0 sites are shown for 293 K in Figure 3a; here, all
the sections pass the origins of the p.d.f. 's, i.e., the atomic
positions given by the higher-order refinements. In the
case of sites A and W, the (100) and (001) sections are
shown in Figure 3b and c, respectively.

DISCUSSIONS

The present specimen is considerably different from the
C03-cancrinite specimens reported by Hassan (1996) and
Hassan et al. (2006), which were obtained from Bancroft,
Canada, with respect to the diffraction characteristics and
the behavior of the water molecule at different tempera-
tures. The cancrinite specimen in this study is somewhat
identical to a hydrothermally synthesized N03-cancrinite
(Fechtelkord et al., 2001) specimen, which shows no su-
perstructure reflections.

Anisotropic and anharmonic atomic probability densi-
ty functions

The p.d.f. 's at the framework atom sites (Tl, T2, and 0
from 01 to 04) and the extra-framework cation sites (X
and Y) are unimodal. At the Tl and T2 sites, the mean-
square displacements (m.s.d.) are much smaller than those
at the rest atom sites (Table 2), and their weak anisotropy
can be barely observed in the ellipsoid drawing in Figures
1 and 4. At 173,293, and 473 K, the higher-order coeffi-
cients at Tl and T2 were refined with values smaller than
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the corresponding e.s.d. 's, indicating that the asymmetric
departures of r(e) from r(m) are insignificant at these sites.
The rest atom sites were refined with significant anhar-
monic coefficients. The two X -06 separations are charac-
teristically different from one another. Despite this pro-
nounced asymmetry in the close-neighbor geometry, the
asymmetry of the p.d.f. at X is not as significant as ex-
pected. Sites Wand A show triple- and double-mode
p.d.f.s, respectively, and will be separately described be-
low.

A-site and disorder

The p.d.f. at site A is strongly elongated along [001],
which shows that the two maxima are separated by ap-
proximately 0.12 nm in the cases of both C and 05 (Fig.
3b). Each mode at both C and 05 finds its counter one
nearly at the same height z. This parallel appearance
strongly suggests that C03 is displaced dynamically or
statically along the 63-axis keeping it nearly parallel with
(001). The double modes at site A are denoted as Al
(lower) and A2 (upper). (If necessary, the double modes
at C and 05 may be separately represented by Cl and C2
and 051 and 052, respectively.)

A C03 unit can occupy either Al or A2 keeping its
triangular plane nearly in (001). In Figure 4, the atomic
arrangements around the sites A and Yare projected along
63 in order to observe the possible differences between the
two cases-(a) Al occupied and (b) A2 occupied. Eight 0
atoms are located near the site Y; among them, six are at
0.24-0.25 nm, and the other two are at approximately 0.29
nm at the relevant temperatures. Among the six nearest 0
atoms, three (01, 03, and 04) belong to the framework,
whose positions are to be kept nearly constant for both (a)
and (b), but the remaining three belong to C03 (05). In
case (a), the three framework 0 atoms form a distorted
trigonal prism with two 05 atoms at height z, for exam-
ple, 0.67, and an 05 atom at z =1.17 (1/2 + z). However,
in case (b), a distorted octahedron is formed with an 05
atom at z = 0.91 and two 05 atoms at z = 0041 (z - 1/2).
The three distances for Y-05 range from 0.24 to 0.25 nm
with an average of 0.2444 nm for case (a) and 0.2442 nm
for (b), for example, at 173 K (Table 3). In this manner,
the C03 unit, whose triangular plane is nearly parallel to
(001), can be maintained either in Al or A2. Figure 4c
illustrates another view of the positional relation for Y-05
between the two cases in the projection along [1l0]. In ei-
ther case (a) or (b), 05 is almost symmetrically located
with respect to Y along [001]. In other words, in either
case-whether Al or A2 is occupied by C03-the rela-
tion Y-05 remains effectively constant. Site A definitely
has a double-minimum o.p.p., and it may be assumed that
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Figure 4. Projections of partial atomic arrangements along [001]
around sites A and Y inside the channel running along [001]. Val-
ues are at 293 K. (a) CO, occupying well Al (Cl and 051) and
(b) CO, occupyingwellA2 (C2 and 052). In (a) and (b), a siteY
at z = 0.80 is chosen to show the coordination by neighboring six
o atoms with broken lines. 051 at z = 1.17 in (a) and 052 at z =
0.41 in (b) are also chosen to show their relationship with neigh-
boring Y-sites at z =1.30 and 0.30 with solid lines. (c) Another
view of the positional relation between Y and 05 in a projection
along [110]. Two cases are shown-dotted line for 051 and solid
line for 052. Numbers in parentheses represent atomic fractional
z-coordinates. The relevant Y-0 distances are indicated along
the bonds in urn.

their depths are nearly equal atAI andA2.

W-site and disorder

The water molecule is located inside the cage penetrated
by the 3-fold axis. In Figure 1, which is drawn with the
results of the split-site refinement at 293 K, 06 appears
thrice around the 3-fold axis. The calculated bond valenc-
es (Brese and O'Keeffe, 1991) of the framework 0 atoms
from 01 to 04, and 05 of CO] are nearly ideal, except in

the case of 02, only if the identified atoms in the refine-
ment are considered. The deficiency at 02, 0.13 v.u.,
could be compensated by the hydrogen bonding with the
protons attached to 06. The two protons, denoted as HI
and H2, are expected to be symmetrically independent of
each other with symmetry 1. The p.d.f. maps for 06 in
(001) show that triple peaks deviated away by more than
0.08 nm from the 3-fold axis at 173 and 293 K, but it
changed to a peak (with fewer features) in three directions
at 473 K (Fig. 3c). Hence, the o.p.p. at 06 is suggested to
be, at least, of a triple minimum, over which 06 is equally
disordered. Ifthe disorder is of the triple minima, HI and
H2 must also be disordered, respectively, over the sym-
metrically equivalent three positions switching the coun-
ter 02 atoms of the hydrogen bonding; hence, the HI-HI
and H2-H2 vectors must appear at every 120° in (001).
(Vector HI-H2 also appears at every 120°, but not neces-
sarily in (001).) In a PMR study, Sokolov et al, (1977)
found that the proton-proton vector in (001) reorients at
every 120° with a frequency that is greater than 104 Hz at
250 K. The observation of Sokolov et al, (1977) only sug-
gests that the dynamical disorder of H20 occurs over the
three minima. Further, this disorder causes no change in
the polarization along the c-axis. As is frequently men-
tioned in literatures (for example, Drozhdin et al., 1975 or
Kozlov et al., 1989), if the water molecule in the W-sites
contributes to the pyroelectricity, an angular change in the
z-component of the O-Hl or 0-H2 bond is probably in-
volved, which is basically not related to the concerned
disorder.

The observed temperature dependences of the unit-
cell dimensions or linear thermal expansion coefficients
Ul and u] suggest that drastic dehydration occurs between
623 and 673 K, but it is preceded by a continuous dehy-
dration that began at approximately 350 K. Our least-
squares result for the occupancy at W still remains high at
94(4)% at 473 K. Besides this apparent inconsistency-
the reason is still not known-it is noteworthy that the
m.s.d. of 06 increases quickly in (001) from 0.138(2) nrrr'
at 173 K to 0.302(8) nm' at 473 K, while the correspond-
ing m.s.d.'s in [001] have rather small values from
0.026(5) to 0.036(8) nrrr', This data suggests that the wa-
ter molecules move away from site W through the four-
membered rings of the cage.

Asymmetric probability density functions and pyro-
electricity

The changes in the spontaneous polarization vector LiP
with temperature change LiT in a rigid-ion model can be
calculated using the following equation:
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(4).

Here qK is the charge of the xth ion in a unit cell with
volume Veel], and Lir K is the displacement of the ion after
the temperature changes. In pyroelectric crystals, vector
LiP is parallel to the unique polar axes. As previously not-
ed, we may have two close but different values, i.e., rK(m)

and rK(e), for each atom; equation (4) can then be calculat-
ed to different values for these two values. The polariza-
tion calculated with the set of rK(e) might correspond to the
measured one under a constant stress Ci (Mair and
Wilkins, 1981).

In a single-minimum o.p.p., an atom undergoes ther-
mal vibrations in the single well. After a change in tem-
perature, in reality, bond distances and angles in the crys-
tal vary because of asymmetric (anharmonic) potentials
for every atom pair, thereby causing the crystal to be
strained with the new positions of minima rK(m). We as-
sume that the polarization calculated with the set of rK(m)

corresponds to the secondary effect of pyroelectricity.
Equation (1) can then be rewritten as follows:

(5).

The positions, rK(m) and rK(e), can be obtained unique-
ly from the corresponding p.d.f. map in single-minimum
o.p.p. cases. Even in the case of multiple-minimum o.p.p.,
it is still straightforward to determine r K (e) and thereby the
unique center of gravity of p.d.f., However, rK(m), as in-
tended in equation (5), may not be any of the minima. In
the case of multiple-minimum o.p.p., either a unimodal or
multimodal p.d.f. may result, depending on the nature of
the disorder. In other words, the form of o.p.p. is not nec-
essarily obvious in an observed p.d.f. map, and rK(m) must
be determined carefully.

In cancrinite, the p.d.f. at the sites for X, Y and the
framework atoms (Tl, T2, 01, 02, 03, 04) is unimodal,
and there are no obvious indications for the o.p.p. to be
multiple-minimum. We assumed that all these sites are of
single-minimum potential, and their r K (m) can be identified
with the corresponding modes of the p.d.f. 'soAs described
previously, the o.p.p. at site A can be reasonably assumed
to be of double minimum, and symmetrical at the mid
point between Al and A2. The mid point is thus chosen to
represent rK(m). The asymmetry observed in the p.d.f. at
this site (Fig. 3b) reflects the conditions experienced by
the crystal. It is noteworthy that the Canadian specimen
showed an equal site-occupancy for Al and A2 (Grundy
and Hassan, 1982), which is definitely different from our
result. The (averaged) content ofC03

2- at Al and A2 may
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vary with temperature, and these changes, if any, must
cause the change of pyroelectric coefficient.

The p.d.f. at each atom site was calculated for the
nodes of three-dimensional arrays that are regularly sepa-
rated with the origins placed on the reference positions,
i.e., the first-order coefficients (Xi) in a refinement. The
error in the p.d.f. was estimated for the standard devia-
tions of all the relevant parameters determined in the
least-squares refinements. The position of the centroid for
the p.d.f., i.e., rK(e), was determined as the zero-moment
position for such an array of nodes, separated by 0.002
nm in the three Cartesian axes. On the other hand, the
modes were searched through the array of nodes meshed
at 0.0001 nm, which is sufficiently small as compared to
those due to the estimated errors in the p.d.f. (The posi-
tion data rK(e) and rK(m) together with the full atomic pa-
rameters are collected in Appendix.)

Since no proton positional data was determined in
the refinement, considered were the partial structures with
the W site replaced by a vacancy. The polarization vector
PCPI P2 P3) per volume was calculated taking the unit cell
given in Figure 1 at the relevant temperatures. In the can-
crinite structure, PI and P2 are both zero, and hereafter, P
is represented as P3 without the subscript "3." The two
kinds of coordinates at each atom site, i.e., rK(e) and rK(m),

provided two different values of P; they are denoted as PE
and PM, respectively. In Figure 5a, the values of PE (cir-
cles) and PM (triangles)---ealculated with assumed formal
charges-are plotted. Both PE and PM appear to show
smooth temperature dependences. Since p(cr) and p(2) in
Kozlov et al. (1989) are plotted on continuous non-linear
curves below approximately 400 K, the temperature de-
rivative oploT, which can be expected to give the rigid ion
contribution to the pyroelectric coefficient, was estimated
on the curves PE and PM fitted with the cubic equations in
the form of equation (2). Any linear term must disappear
in this fitting, since oploT is to be zero at 0 K. Further-
more, both PE and PM were set equal at 0 K since contribu-
tions from thermal vibrations will be absent. The two
curves fitted with a common ware also shown in Figure
5a. As the temperature increases from 0 K, the curve for
PE first appears to be nearly horizontal or slightly increas-
ing; this is followed by a continuous fall in the high tem-
perature region. In contrast, PM first increases up to ap-
proximately 500 K and then begins to fall.

Figure 5b illustrates the three curves for oPM/oT, OPEl
oT, and oPE/oT - oPM/oT, calculated using the parameters
determined above. oPM/oT is positive and increases up to
approximately 250 K; it then decreases and goes to a neg-
ative region above 500 K. The curves for oPM/oT and the
thermal expansion coefficients (Fig. 2c) appear to share a
common tendency. A secondary pyroelectric coefficient
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(a) PEand PM and (b) their temperaturederivativesin rigid-ion
calculationsfor the partial structureof C03-cancrinite. PE (dia-
monds) and PM (triangles)were calculatedwith atom positions
correspondingto freeenergyminimumandpotentialenergymin-
imum,respectively.Errorbars indicate I e.s.d. forPEor of errors
correspondingto I e.s.d. of p.d.f. for PM. oPE/oT (diamonds),
oPM/oT (triangles),and oPE/oT - oPM/oT (solidcircles)were cal-
culatedusing theparametersdeterminedby fittingpEandPM with
equation (2) constrainingw to be commonfor both oPE/oT and
OPM/OT. The parametersin this fittingwere as follows:u (C/m2

,

K3) = -1.43396 X 10-10, v (Clm2.K2) = 5.3238 x 10-8, and R2 =

0.90 forPE,and u = -2.5828 X 10-10
, v = 1.7932 X 10-7 andR2 =

0.88 forPM. Linesare onlyas guidefor eyes.

p(2) is calculated in practice using known measured coeffi-
cients dij, Cjk, and Uk. For the point group of cancrinite, p(2)
can be calculated using

(6).

Kozlov et al. (1989) noted that the term d33C3kUk

makes the predominant contribution to P3(2) at 298 K.
From Kozlov et al. (1989), assuming that d33, d3b and Cjk

are constant over a wide temperature range such as
290-650 K, we expect that the temperature dependence of
p(2) of cancrinite must strongly reflect that of Uj and U3.

As shown in Figure 2, the expansion coefficients, particu-
larly U3, quickly decreases above 350 K. Hence, p(2) cal-

culated with equation (6) must deviate from the straight
line assumed by Kozlov et al. (1989) at high tempera-
tures. This characteristic is well represented by oPM/oT,
even though it is considerably-approximately 10
times-larger than the reported value of p(2). The oPE/oT
curve is also comparable with the characteristic features
shown for p(cr) measured by Kozlov et al. (1989). The sign
change also occurs in our oPE/oT, but at considerably
higher temperatures of around 250 K. Although, as
shown, oPM/oT and oPE/oT are not necessarily in good
quantitative agreement with p(2) and p(cr), we expect that
the primary coefficient p(l), whose rigid ion contribution
is estimated by the difference oPE/oT - op~oT, is proba-
bly negative over a wide range of temperatures above 0 K.

The polarizations PE and PM were also calculated for
another partial structure, in which, in addition to site W,
site A is also replaced by vacancy. The oploT curves (not
shown) show no obvious changes from the corresponding
curves for the former partial structure, except at high tem-
peratures around 673 K at which the two curves for OPEl
oT and oPM/oT become closer than in Figure 5b. This
probably suggests that the effect of the A-site disorder is
not significant for the pyroelectric coefficient at low tem-
peratures, but becomes significant at high temperatures.

Concluding remarks

The atom sites in C03-cancrinite-other than the double-
minimum C03 site and the triple-minimum H20 site-
mostly have single-minimum o.p.p. The rigid ion contri-
bution to the pyroelectric coefficients p(cr) and p(2) of this
mineral was estimated by analyzing the asymmetric atom-
ic p.d.f. 's, omitting H20. Our estimates reproduce the
characteristic features of measured p(cr) and theoretically
expected p(2) with the thermal expansion and other data.
Sign changes from positive to negative occur in both p(2)
and p(cr) with increasing temperature; but at independent
temperatures of each other. This results in negative p(l)
through a wide temperature range. In an atomic view, the
change in p(2) is a result of the displacements of atomic
positions corresponding to the potential energy minimum
in the crystal. The decrease in p(2) at higher temperatures
is macroscopically related to the decrease in the linear
thermal expansion coefficient U3. The effect of omitting
H20 is probably not significant to affect the present quali-
tative conclusions.

Although the number of temperatures for the struc-
ture analyses, four in the present case, was scarce, we be-
lieve that the present rigid-ion approach barely succeeded
in taking advantage of the asymmetric atomic p.d.f. 's to
determine the atomic mechanism of the secondary coeffi-
cient p(2) and then the primary coefficient p(l) for the can-
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DEPOSITORY MATERIAL

Appendix is available online from http://www.jstage.jst.
go.jp/browse/jmps.
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