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ABSTRACT

A systematic method is presented for constructing
the matrix representation of a space-group opera-
tion given its geometric description and conversely
for finding the geometric description of the space-
group operation given its matrix representation.

SOMMAIRE

Une méthode systématique permet, étant donné
la description géométrique d’une opération de sy-
métrie d’'un groupe spatial, d’en construire la re-
présentation matricielle et, réciproquement, de dé-
duire la description géométrique de la représenta-
tion matricielle.

(Traduit par la Rédaction)

INTRODUCTION

A scries of rules has been presented by
Wondratschek & Neubiiser (1967) that allows
the determination of the geometrical nature of a
space-group: operation from its matrix repre-
sentation. By taking advantage of reasoning
founded on an understanding of elementary
space-group theory (Buerger 1963, Bloss 1971),
we have simplified the method by avoiding the
large number of rules used in methods like that
presented by Wondratschek & Neubiiser (1967)
and summarized by Bradley & Cracknell (1972).

PRELIMINARIES

To formulate a matrix representation of a
space-group operation, a well-defined basis for
the vector space on which the matrix will
operate is required. To simplify the discussion,
we choose the unit-cell edge vectors {a, b, ¢}
that outline the conventional unit cell (Table

*It is a pleasure to dedicate this paper to Professor
J. D. H. Donnay on the occasion of his 75th birth-
day as a tribute to his pioneering contributions in
the fields of crystallography and mineralogy.
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2.2.1, International Tables, Vol. I) as a basis for
the vector space. Then a general vector » = xa

x
+ yb + zc can be denoted by the triple y
2

x
(or by ¥y when dealing with a 4 X 4
z
1
matrix representation). For convenience, r will
x
be identified with the symbol ¥y and
1 z
x
simply be written r = y with the basis
2

being understood. Consequently, we will not be
distinguishing between a vector r and its end-

4
point |
F4

A space-group operation « is composed of
a point-group operation, B, (i.e., a distance-
preserving mapping that leaves at least one point
fixed) and a translational operation § such that
3@ = r 4 d for all r. That is, @ = 38. The
symmetry element of the point operation B8 is
defined to be the set of all points left fixed by
B (.e., a point e is on the symmetry element
of B if and only if g(e) = e). The symmetry
element of « is defined to be that of 8. A point
operation is either the identity (having all space
as its symmetry element) or a rotation (having
its axis, a straight line, as its symmetry element)
or a rotoinversion (having a point as its sym-
metry element unless it is a reflection, in which
case a plane is its symmetry element).

The vector d generated by the translational
operation § parallels the symmetry element of
B. Note that the symmetry element of 8 need
not contain the origin, 0. However, by trans-
lating the symmetry element of 8 so that it
contains the origin we can define a point-group
operation o such that (1) the symmetry ele-
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TABLE 1. SYMBOLS USED

s By & o = 88, where o is a space-group operation, B8 is
the point-group operation part of o and § is the
transiational part of a.

g a point-group operation identical with that of g
except c%g) =0

n translational operation that moves the symmetry
element of o to that of 3.

g used to denote a point on the symmetry element of 8.

4 used to denote the vector generated by &.

Mla) matrix representation of o.

R matrix representation of o.

% £ is the vector such that ¥(u) = {&,t}.

Note that in the text, vectors have been set in bold-face type.

ment of g contains 0, (2) the symmetry element
of o parallels that of 8, and (3) the motion of
o about its symmetry element is the same as that
of 8 about its symmetry element. A transla-
tional operation 77 moves the symmetry element
of o to that of g if and only if (@) = r + e
for some point e on the symmetry element of
8. Furthermore, in this case 8 = mon™ (Buer-
ger 1963, p. 196). The notational conventions
made above are summarized in Table 1.

Example 1

In space group I4: (No. 80), there exists a
quarter-turn screw operation 4, which we will
call @, whose symmetry clement passes through
the point —¥4a + Vb and parallels ¢, Hence
a = 8B where B is the quarter turn whose
symmetry element parallels the ¢ axis and
passes through the point —4a + 4b and §
is the translational operation such that 8(x) =
r + Ye for all r in space. Accordingly, o is
a quarter-turn rotation about the ¢ axis con-
taining 0. Moreover, an arbitrary vector on the
symmetry element of 8 is of the form e =
-14 a + 4b + zc where z is any real number.
Hence choosing z = 0, 7) can be taken to be
the translation that moves each point r in space
to r — Y4a 4+ Y4b. Inasmuch as 8(x) = r +
L4¢c, we have d = Y4c.

In general, each space-group operation o =
88 can be described by a 4 x 4 matrix, M(a),
of the form

iy he hs 14
M@) = | loa lo2 lzs I2

a1 lsz lss 13
0 0 0 1

= {R, t}

where the matrix
hy b2 hs
R = lay g2 las
la1 laz las

represents the point-group operation o. Be-
cause of the choice of basis made in the Inter-
national Tables, Vol. I for each space group,
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the elements of R will always be 1, 0 or -1.
Whereas the interpretation of the vector

l
l2
I3

is not as obvious as that of R, it is important in
the analysis of M(a). First note that t is the
image of the origin, 0, under the space-group
operation o, i.e., t = «af(0) because

M (o)

=HOOO
o
«

To find the connection between § and t, recall
that d is the vector such that §(r) = r + d for
all r. Let e be a vector on the symmetry ele-
ment of 8 and define 1 such that n(x) = r -+
e. Then af) = 88() = B) 4 d. If we re-
place 8 by non’, we obtain

a) = non(r) i d
= qo® —e)] +d
= g —e) +e+d
whenr = 0
(0)

]

a0) —o(e) +e-+d
e —a(e) +d.

Inasmuch as «(0) = t, we have the equality
t = e — g(¢) + d. Because R is the matrix
representation of o, this equality becomes

t=(Is — Re +d 6]
1 0 0

[0 1 o].
0 0 1

THE METHOD FOR CONSTRUCTING
THE MATRIX M(z) GIVEN «

where I3 =

Given some space-group operation ¢ (and
hence given § and ) we wish to construct
M(a). Considering @ first, we tranmslate 8 in
such a way that its symmetry element contains
the origin (this translated operation is o). The
R part of M(a) is found by observing that

by he bis T1 n
Ra = [121 a2 lzs] [0] = [lm]
Is1 lsz las 0 Is1
he
and similarly that Rb = los and Re =
las
hs

las . Therefore, the columns of R are
33
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F1e. 1. The effect of a quarter-turn ¢ about ¢ on
the basis vectors of a tetragonal crystal. The
quarter turn o rotates a into self-coincidence
with b, rotates b into self-coincidence with —a
and rotates ¢ into itself. Hence, o(a) = b, o(b) =
—-a and o(c) = c. Consequently,

0-10
[«o|ew ] - [ 8]

Vectors are shown here, as on other figures,
by a lower-case letter underscored by an arrow.

R = a(b)

simply the images of the basis vectors under o.
Hence, inasmuch as 6 and 8 are given and since
d and e are known and we have just found R,
we find t using equation (1).

Example 2

We wish to find the matrix representation
M(a), where « is the quarter-turn screw oper-
ation of Example 1. Recall that 8 is a quarter
turn about a line parallel to c and thate = —Y4a

-4

+ Y%b = Y | is a vector on the sym-
0

metry element. Because o is a quarter turn
about the ¢ axis, it maps a to b,b to —a and cto

0
¢ (Fig. 1). That is, Ra = 1 , Rb =
0
-1 0
0 and Re = 0 . Therefore, as
0 1
discussed above
0 -1 0O
R = [ 1 0 0 ]
0 0 1
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0
0 | and so
b7

To find t, recall that d = Ye¢ =

-
-

il 1
— T~
I
oh. com
o ©FO
=HOoOO
coo | ;
— |
| oro
—
OXX |
e con
4 ~OO
| |
| — |
| I | ]
t X
M~ —
KRe  +
—— ™
xoo
| I—

Consequently,
0-1 0 0
Ma)=|1 0 0 34
0 0 1 i
0 0 0 1

An important relationship between R and d
to be used later is that Rd = d, which can be
easily verified in this example. This relationship
holds for all space groups because the transla-
tional components must parallel the symmetry
element of B. ‘

Example 3

In this example the matrix representing the #
glide in space group P4.nm (No. 102) that paral-
lels (100) and passes through the point fa =

bA
0 will be found. Therefore, « = 8
0

where B is a mirror operation about the glide
plane and § is the translation that maps r to r

0
+ b + e so that d = 14
3

. From g8

we see that ¢ is a mirror operation about the
plane (100) through the origin. As R maps a to
—a, b toband e to ¢ (Fig. 2), R becomes

-1 0 0
R=[010]
0 0 1

U
Now choose etobe | O
0

(any point on the

glide plane would suffice).

0
Because d = 1% we have that
Y
t= (Is — Re + d
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Fi16. 2. The effect of a reflection o over a plane
containing b and e, Inasmuch as ¢ sends a into
-a, b into b and ¢ into ¢,

-1 0 0
= [0 1 0]
0 0 1

Having found M () it is easy to locate the image

%
of an arbitrary point r = y under o by
z
performing the multiplication
-1 0 0 ¥ x ¥ —x
SRS N ERRIE F
z
0001 |1 e

Hence, the # glide sends each point in space

x Y —x
y to Y“+y
z ¥+ 2

CONSTRUCTING o GIVEN ITS MATRIX
REPRESENTATION Mi(x)

Given M(e) (and hence also the basis vec-
tors) we wish to find § and B. As M(e) is
given, we know R and t. From the matrix R,
o can be easily found by inspection (recall that
the columns of R are the images of the basis
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vecors). If e is determined, because 7 can be
chosen such that @) = r + e, then 8 = non?
would be determined. We begin by finding d
(and hence 8) and then find e. Let n be the
order of R, i.e., n is the smallest positive in-
teger for which R* = I, is true. Consider the
effect of operating on equation (1) with suc-
cessive powers of R going from 1 to n (recall
that R(d) = d):

Rt = (R—R% + d
Rt = (R —R¥e + d

Rit = (Rl —Igde + d
Rt = (Iz—Re + d

Upon summation, the left member becomes
Y Rt whereas the coefficient of e becomes

i=1
R—-—RB)+ R —-RH)+ ...+ R = Iy
+ (Is — R) = 0. Therefore,

iIR"t = nd
and so
1 »
d=—32 R% )
7N i=1

Now that R and d have been found, e can be
found using equation (1) rewritten as:

(Is — Rle=t —d.

In general, there is more than one solution for
e. In fact the solution set is exactly the set of
points in the symmetry element of 8. If the
symmetry element of B is a point, then the
solution will be unique. On the other hand,
if the symmetry element of 8 is a line or a
plane, then the solution set will be infinite.
Now that R and d have been found, e can be
can be identified from M(w). Given the general
equivalent position for any space-group opera-
tion o listed in the International Tables, Vol. I,
M(o) can be easily found, from which the
method yields the corresponding 8 and B.

Example 4

To discover the nature (i.e., § and 8) of the
space-group operation « in space group

x
I4, Jamd (No. 141) that maps each point} y
2
y
in space into %+ x , M(a) must be
+ 2
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found. From the definition of c.

hy he hs b % ¥

o1 a2 laa 12 |1y =l ¥%+=x
31 laz las I3 z Y+ z
0 0 01 1 1

which upon multiplication leads to the system
of polynomial identities (in indeterminates x,
y and z)

lux + Loy + haz +
l21x + lpsy + lasz + / + x.
Issx -+ lsay + lssz + Y+

Equating corresponding coefficients, we have
s =1, bi=1and Iss = 1, o = Y, ts =

=
fs =
i3 =

14 (the #s are the constant terms of the
polynomials) and all the rest are zero. Hence,
0100
M@ - |00 1 i
o) =
000 1

From R we see that ¢ is a mirror operation
that interchanges a and b and leaves ¢ fixed
and, hence, is a mirror operation whose sym-
metry element is a plane containing ¢ and bi-
secting a and b. Therefore, the symmetry ele-
ment of ¢ parallels (1 10). The order of R is
2 since R =£ I3 and R* = I,. To solve for d,
equation (2) is employed:

i= L3 R = L (Re + R
2 i= 2
(2387 [k

T2 00 1] %]
1.0 0 0

+[8 4] [#])
0 0 1 i

I
r——
PNV
1

This result tells us that « is a diamond-glide
operation. The symmetry element of 8 (in this
case a plane) will now be found by adapting
equation (1):

s —
1-1 0 e 0 Y
-1 1 0 = —
[ 0 0 o][Z] [ﬁ] [/]
74
- [%]
0

Solving this system of equations, we find that

-
£\

N

21
e+ Y4 for

€3

any vector of the form
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real numbers e, and ¢; is a solution. As expected,
this solution describes a plane, Choosing a con-
venient vector in this set for our solution,. we let

0
e =| Y (where ¢, and e; were both chosen
0
as 0). Hence, the mirror plane of 8 associated
with the diamond-glide operation « parallels
0
b
0
8 is the translational operator that maps each
vectorrtor + ¥a + Yb + Ye.

APPLICATION OF THE METHOD

(1T0) and passes through the point and

In the final two examples of the application
of the method, the problem of determining the
nature of the composition of two space-group
operations is considered.

Example 5

For space group R3¢ (No. 167, hexagonal
basis), we will form the composition of space-
group operations ox and «» where «: is the
half-turn with its axis parallel to b passing
through the point e = 34c and . is the
translational operation that maps r to r -
1ha - 24b — Ye for all r. We begin by
constructing M(oy) and M(aw). If ar = 8181,
then as au lacks a translation component (being
a pure rotation), §; is the identity mapping and
so d = 0. Inasmuch as B is a half turn (Fig. 3),
the matrix representation for o1 (a half turn
about b) is

0
¢ ]
-1

-1
- [
0

0

1

0
0
0
i

, by equation (1)

20 01 0 0
t=’[100 [0] []_[0]
0024 Ly 1%
1 0 0 0
SREE
M) = -
(@) 6 0o o1

As 2 is a pure translational operation, ap-
plication of the method yields

"1 0 0 14
010 %
e = 8§ 71



THE CANADIAN

Fr6. 3. The effect of a half-turn o about b on the
basis vectors of a hexagonal crystal. The half
turn o rotates a into self-coincidence with
—a b, b into itself and ¢ into —¢, i.e.,

- 13- [
- [-[4]

Therefore,
-1 0 0 14
M(ose)) = M@a)M(@) = | —1 1 0 24
00 -1 1
00 0 1

To discover the nature of & = s where o =
38, we apply the second half of the method.
As the R for o is the same as that for qu, then
B is a half turn parallel to b. To find d, equa-
tion (2) is applied. As the order of R is 2,

2 R 1 ? 10
&K= 7 0] = [/3]

Therefore, § is the translational operation that
maps each point r to'r 4+ 4b. Hence, ¢ is a
half-turn screw operation. To find the sym-
metry element (rotation axis) of B, equation
(1) is used:

1
d=

Iz —Re=t1t — d
2 00 0
Lass] [5]-[8]-[4]
0 0 2 e % 0
%
- (4]
%
The solution of this system is the set of all
%
vectors of the form e where ¢; is any
1
)
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real number. Taking ¢; = 0, note that the axis
of the half-turn 8 passes through the point
14 a + f5c. Hence, a half-turn with its rota-
tion axis parallel to b and passing through the
point /e combined with a translational opera-
tion that generates the vector 4a + 2sb — e
is equivalent to a half-turn screw operation with
with its rotation parallel to b and passing
through the point 6a + 5c.

Example 6

As a last example, the composition, &, of
two space-group operations cu and s contained
in the cubic space group F4.32 (No. 210) is
examined. Let ai: be a half-turn screw operation
d = b + 34¢) such that the symmetry
axis of B¢ parallels [011] and passes through
the point ¢ = %ga and let az be a quarter-turn
screw operation (d = 14b) such that the sym-
metry axis of B» parallels [010] and passes
through the point e = 14a. This information
and an understanding of how the basis vectors
transform leads to

—
-1 0 0 Y 001 Y4

M(aiots) = 001 Y4 010 Y4
010 4 -1 0 0 14
0001 0001
0 0-120
-1 0 0 %

M) = 01 0 1
00 01

The nature of the o associated with az may be
deduced by examining the columns of R. In
this case, as o@) = -b, o(b) = ¢ and o(c) =
-a (Fig. 4), it can be shown that ¢ may be
viewed either as a third-tun} about [111] or a
negative third-turn about [111]. In some in-~
stances, this may not, however, be an obvious
result. Nevertheless, by examining the deter-
minant and the diagonal elements of R, the
proper or improper character and the turn
angle p of the point-group operation are found
as follows. For any space-group operation, the
proper or improper character of o is ascer-
tained by evaluating the determinant of R,
det R. If det R = +1, then o is a rotation
whereas if det R = -1, then o is a rotoinver-
sion (Bradley & Cracknell 1972). In this exam-
ple, as

0 0-1
010

+1,

it can be concluded that o is a rotation.
By definition, if P is some rotation about an
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7

—

FI1G. 4. The effect of a negative-third turn o along

the vector % on the basis of a cubic crystal.

The negative third turn ¢ rotates a into —b, bintoc¢
ande = —a.

axis containing 0 and if / is an inversion over O
such that i(r) = —x for all r, then & = Pi
iP is a roto-inversion (cf., Boisen & Gibbs 1976
for a discussion of these ideas). In this case
we assign as the turn angle of @ the turn angle
of P and as the rotation axis of @ the rotation
axis of P. When det R = -1, indicating that
o is a rotoinversion, it will be convenient to
convert R to a matrix representing a rotation
by multiplying each of its entries by —1. When
this is done, the turn angle p and the orienta-
tion of the rotation axis of the roto-inversion
are found in exactly the same way as done for
a rotation. The turn angle, p, of o for any
space-group operation is obtained from the
trace of R, tr R = lu + la 4 lLs, such that
(cf., Benson & Grove 1971, p. 21)

p = =cost [15 (ir R — 1)].

In our example, since tr R = 0, we may con-
clude that p = =120°. Hence, as asserted
earlier, o~ is either a third-turn rotation or a
negative third-turn rotation depending on the
chosen orientation of the axis. The points e on
the rotation axis of a nonidentity rotation o

satisfy the equation
(Is — Rle =0 6)

as for o the d and t of equation (1) are both

equal to 0. Hence,
€1 0
s -]
€3 0

1 01
[1 10
0-11
The solution to this system is the set of all
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— 3
vectors of the form 3 . If we set e
es
-1
= 1, the vector e = 1 defines the
1

orientation of the rotation axis. However, there
are two choices that can be made for the posi-
tive end of the rotation axis of o, Z.e., —a + b
+ecora—b — c. If thevectora —b —cis
chosen to point along the positive end of the
rotation axis, then we see that ¢ is a third turn
by observing that a positive rotation of 120°
about the axis maps a into —b. On the other
hand, if —a 4+ b + ¢ is chosen to point along
the positive end of the rotation axis, then ¢ is
seen to be a negative-third turn by observing
that a rotation of —120° about the axis also
maps a into —b. To find the d associated with
a, we use equation (2). Since the order of R is 3,

-1 -1
smet[4]- [H)
i=1 1 %
and we see that § defines a translation of space
along the vector — a + b + c¢. The convention
is that the translational component of a screw
operation translates space along the positive
end of its symmetry axis. The choice of a
positive direction on o should be consistent
with this convention on o and, hence, we may
conclude the o is a negative-third-turn opera-
tion about the vector — a -+ b + ¢ because 3(r)
=r - a + b + Y4e for all r in space.
However, in the absence of a nonzero transla-
tion component (i.e., d = 0), the choice of the
positive direction of the rotation axis for o
is arbitrary; hence, either one is “correct.”

To find the set of points defining the rotation
axis of @8, equation (1) is used:

(I3 — Re=1—d

1 0 1 3] %
(4 4] [5]- (3]
0-—-11 €3 % .
The solution set to this system is the set of all
vectors of the form

[if Z‘i%]

é3

1
d=3

where e; is any real number. Setting es = O,
it is seen that the symmetry axis of the third
turn passes through the point e = Y3a — 1/6b.
Hence, the composition of a: followed by i is
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equivalent to a negative-third-turn screw opera-
tion taking place about a line paralleling [111]
and passing through the point ‘3a — 1/6b.

SuMMARY OF METHOD

Given the motion of a space-group operation
o = 8, the method yields its matrix representa-
tion M(a) = {R,¢}. The clements of R are
found by examining the images of the basis
vectors under o (the parallel operation to g
through 0), and t = (Is — R)e + d where e is
a point on the symmetry element of 8 and d
is the vector generated by 8.

On the other hand, given a matrix M(a) =
{R,t}, the method reveals the motion (i.e. § and
B) of a. From the matrix R, o is found by in-
spection (as R is the matrix representation for
o). As R and t are given, d can be found by
the formula

1
d= % Z
where n is the smallest positive integer for
which R* = I, is true. Substituting R, d and
t into the equation (I~ R)e = t — d and solving
we obtain as the solution for e, the set of all
points on the symmetry element of 8. Hence,
both § and 8 are determined.
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