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Ansrnect

A systematic method is presented for constructing
the matrix repres€ntation of a space-group opera-
tion given its geometric description and conversely
for finding the geometric description of the space-
group operation given its matrix representation.

Sorvrlvretns

Une m6thode syst6matique permet, 6tant donn6
la description g6om6trique d'une op6ration de sy-
m6trie d'un groupe spatial, d'en construire la re-
pr6sentation matricielle et, r6ciproquement, de d6-
duire la description g6om6trique de la repr6senta-
tion matricielle.

firaduit par la R6daction)

INrtooucrroN

A series of rules has been presented by
Wondratschek & Neubiiser (1.967) that allows
tle determination of the geometrical nature of a
space-group operation from its matrix repre-
sentation. By taking advantage of reasoning
founded on an understanding of elementary
space-group theory @uerger 1963, Bloss 1971),
we have simplified the method by avoiding the
large number of rules used in methods like thar
presented by Wondratschek & Neubiiser (1967)
dnd summarized by Bradley & Cracknell (1972).

Pnsl,rvn{ARIBS

To formulate a matrix representation of a
space-group operation, a well-defined basis for
the vector space on which the matrix will
operate is required. To simplify the discussion,
we choose the unit-cell edge vectors {a, b, c}
that outline tlre conventional unit cell (Table

*It is a pleasure to dedicate this paper to Professor
J. D. H. Donnay on the occasion of his 75th birth-
day as a tribute to his pioneering contributions in
the fields of crystallography and m.ineralogy.
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2.2,L, International Tables, Vol. I) as a basis for
the vector space. Then a general vector r : Na

tedbythetripre f- t 
]Lr.

r  11
( o r b y  I  y  l w h e n d e a l i n g w i t h a 4 X q

LiJ
matrix represmtation). For convenience, r \rill

be identified with the symbol [ ; 

-l 

and
L'J

l -"1
simply be written r : I t I with tle basis

L, J
being understood. Consequently, we will not be
distinguishing between a vector r and its end-

f  * l
eo'Int 

L I )
A space-group operation a is composed of

a point-group operation, F, G.e., a distance-
preserving mapping that leaves at least one point
fixed) and a translationa,l operation 8 such that
E(r) - r + d for all r. That is, 4 = EB. The
symmelry element of tle point operation p is
defined to be the set of all points left fixed by
I $.e,, a point e is on the symmgu'y element
of B if and only if B(") 

- e). The symmetry
elernent of a is defined to be that of B. A point
operation is either the identity (having all space
as its symmetry element) or a rotation (having
its axis, a straight line, as its symmetry element)
or a rotoinversion (having a point as its sym-
metry element unless it is a reflection, in which
case a plane is its symmetry element).

The vector d generated by the translational
operation 8 para[els the symmetry element of
B. Note that the symmetry element of p need
not contain the origin, 0. However, by trans-
lating the symmetry element of B so that it
contains the origin we can define a point-group
operation c such that (1) the symmetry ele-
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TABLE I. SYMBOLS USED

o, B, 6 o - 68, *here o ls a space-group operatlon, B ls
the polnt-group operation part of o and 6 is the
translatlonal Part of o.

o a point-group operation identical with that of B
except o(9) = 9.

n translational operation that mves the symtry
elemnt of o to that of B.

g used to denote a point on the symEtry elemnt of B.

{ used to denote the vector generated by 6.

lr(q) mtrlx representatlon of o.

i nntrlx representation of o.

\ t ls the vector such that iv(o) = 14,t1.

the elements of R will always be 1,0 or -1.
Whereas the interpretation of the vector

l- 'r -l
t :  I  t ,  l

L  r s l

is not as obvious as that of R, it is important in
the analysis of. M(a). First note that t is the
image of the origin, 0, under the space-group
operation a, i.e., t = a(0) because

M(a)

To find the connection between I and t, recall
that d is the vector such that 8(r) = r * d for
all r. Let e be a vector on the symmetry ele-
ment of p and define 4 such that 4(r) 

- r *
e. Then a(r) = 8p(r) = B(r) * d. If we re-
place B by t1oz1'', we obtain

w h e n r : 0

d ( 0 ) :  a ( 0 ) - o ( e ) * e * d
:  e - c ( e ) * d .

Inasmuch as a(0) - t, we have the equality
t = e - o(e) * d. Because R is the matrix
representation of o, this equality becomes

lltrl

c(r) : 7o4-1(r) f d
: rllo(r - o)l + d
:  c ( r - e ) * e * d .

(1)R ) o * d

:il

Ra: li:i"ji,jil til liril
fl' lrz hs tt-l

M(a) : I lu lzz lzs tz I : {R, t}
I lsr lsz lsg ta I
t r_0  0  0  1 l

Note that ln the text, vectors have be€n set ln bold-face type.

ment of cr contains 0, (2) the symmetry element
of o parallels that of F, and (3) the motion of
o about its symmetry element is the same as that
of p about its symmetry element. A transla-
tional operation 4 moves the symmetry element
of o to that of p if and only if T(r) = r + e
for some point e on the symmetry element of

B. Furthermore, in this case B = 4oq-' (Buer-
ger t963, p. 196). The notational conventions
made above are summaxized in Table 1.

Example I

In space group /4r (No. 80), there exists a
quarter-turn screw operation 4r, which we will
calL a, whose symmetry element passes through
the point -Yqa * Yqb and parallels c. Hence
c = 8F where p is ttre quarter turn. whose
symmetiy element parallels the c axis and
passes through the point -l+t * V+b and I
is the translational operation such that 8(r) =
r * l+c for all r in space. Accordingly, <r is
a quarter-turn rotation about the c axis con-
taining 0. Moreover, an arbitrary vectot on the
symmetry element of B is of the form e =
-7/+ a * Yab + zc where e is any real number.
Hence choosing Z = 0, 4 can be taken to be
the translation that moves each point r in space
to r - t/+t * Yab. Inasmuch as 8(r) = r +
l 4 c , w e h a v e d = Y + c .

In general, each space-group operation @ =
8B can be described by a 4 x 4 matrtx, M(q,),
of the form

where the matrix

-  f h '  l 1 z  l ; a f
R :  l l n  l z z  o z l  I

Llar lsz laz J

reptesents the point-group operation a. Be-
cause of the choice of basis made in the Inter'
national Tables, Vol. I for each spase group'

TIre MBTHOI FOR CONSTRUCTN.IG
rnn Mernur M(a) GrvrN cr

Given some space-group operation a (and
hence given I and B) we wish to construct
M(a). Considering p firsto we translate p in
such a way that its symmetry element contains
the origin (this translated operation is o). The
R part of M(o) is found by observing that

t : ( / s -

where,ls : 
t 0

and simirarry that Rb : 
l]*:l 

and Rc :

Ii' ] . Therefore, the columns of R are
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Fro. 1. The effect of a quarter-turn o about c on
the basis vectors of a tetragonal crystal. The
quarter turn d rotates a into self-coincidence
wittr b, rotates b into self-coincidence with -a
and rotates c into itself. Hence, o(a) = b, o(b) =
-a and o(c) - c. Consequently,

f  I  I  1  r 0 - 1  0 ' l
R : l o ( a ) l a ( b ) l o ( c ) l :  l t  0  0 l

L  I  I  
. J  

L o  o  r J
Yectors are shown here, as on other figures,
by a lower-case letter underscored by an arrow.

simply the images of the basis vectors under c.
Hence, inasmuch as 6 and p are given and since
d and e are known and we have just found .R,
we find t using equation (1).

Example 2
'We 

wish to find the matrix representation
M(a), where c is the quarter-turn screw oper-
ation of Example 1. Recall that p is a quarter
turn about a line parallel to c and that e : - lZa

f  -N1
+ %b : 1 Yt I is a vector on the sym-

L 0 l
metry element. Because o is a quarter turn
about the c axis, it maps a to b, b to - a and cto

t :  ( /g  R)"  + d

: (td 3il-t: iil)t-#].tLl
: t-t iglt-#l.tLl:tk\

Consequently,

An important relationship between R and d
to be used later is that Rd = d, which can be
easily verified in this example. This relationship
holds for all space groups because the transla-
tional components must parallel the symmetry
element of B.

Example j

In this example the matrix representing the z
glide in space group PLznnt. (No. 102) that paral-
lels (100) and passes through the point t/a :

f  '21
| 0 | will be found. Therefore, a dB

L OJ
where B is a mirror operation about the glide
plane and 6 is the translation that maps r to r

[o I
+ % h * r Z c s o t h a t d  :  |  %  |  .  F r o m  B

Lx -l
we see that a is a mirror operation about the
plane (100) through the origin. As R maps a to
-a, b to b and c to c (Fig. 2), R becomes

r - 1  0  0  IR:  I  I  I  9  |
L O  O  1 J

To find t, recall that d : r/+a

Now choose e to be

glide plane would suffice).

:[L] and so

b=

(e)=[d]

" ter = [!]'= [8] |

l--l I and Rc :
L 0l
discussed above

M(a):t g in

c (Fig. 1). That is, .Ra

R: t3 
-i 

ll

ol
IJ , Rb

. Therefore, as

:I
til

l'*1(any point on the
L0 I

Because d :

t :  ( / '

we have that

d
lil

ft)e *
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Frc. 2, The effect of a reflection d over a plane
containing b and c. Inasmuch as o sends a into
--a, b into b and c into c,

CoNsrnucuNo a GrvsN rrs MATRD(
RppnEsnNrerroN M(a)

Given M(a) (and hence also the basis vec-
tors) we wish to tfind 8 and B. As M(a) is
given, we know R and t. From the matrix R,
cr can be easily found by inspection (recall that
the columns of R are the images of the basis

Having found M(a) it is easy to locate the image

["1
ofanarbi trarypointr :  I  y I  underaby

L, J
performing the multiplication

MINBRALOGIST

vecors). If e is determined, because q can be
chosen such that T(r) = r * e, then B = nan'',
would be determined. We begin by finding d
(and hence 6) and then Iind e. Let z be the
order of R, i.e., n is the smallest positive in-
teger for which R" = /' is true. Consider the
effect of operating on equation (1) with suc'
cessive powers of R going from 1 to z (recall
that R(d) = d):

: :
R"-lt - (fta-t -Is)e

t u t  :  ( t 3 _ R ) e

Upon summation, the left member becomes
i trft whereas the coefficient of e becomes

(R - R') + (R' - R') + ... * (R"-' - 1')
* (/, - R) : 0.Therefore,

b a't :  
"aJ E l

and so

Now that R and d have been found, e can be
found using equation (1) rewritten as:

( / g - R ) e : t - d .

In general, there is more than one solution for
e. In fact the solution set is exactly the set of
points in the symmetry element of B. If tle
iymmetry element of p is a point, then the
solution will be unique. On the other hand,
if tle symmetry element of B is a line or a
plane, ihen the solution set'will be infinite.
irlow that R and d have been found, e can be
can be identified from M(a), Given the general
equivalent position 'for any space-group opera'
tion a listed in the Intemational Tables, Vol. I,
M(oD can be easily found, from which the
method yields the corresponding I and p.

Example 4

=[8J9=o(g)

o(s)=-r=[-d]

= a(D)=[3]

liiVMl :luj,l
Hence, the z glide sends each point in space

l-.1 fr,l
L I J " Lr;Ill

R t  :  ( R - & 2 ) o  +  d
R2t  :  ( f t2-Rr)e + d

+ d
+ d'= [a]

R: t-i : ?l
t0 f Hll{l.l?;l:Wl

l--r o o yr1M(d): I 3 3 ? nl
L  0  0  0  1 l

a: j-,2, nn

To discover the nature (i.e., 6 and B) of the
space-gloup operation a in space_group

14, f amd(No. 141) that maps each -*[ 
i ]

l-),1
inspaceinto I U + r 1 , M(ot) must be

l 'z + ,1
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found. From tle definition of a.

f h t  hz  ha , , l  f r a  f  t  a
I  l z t  l z z  l r a  t z  |  |  Y  l :  |  % + x  I
I  lsr  lsz las ta |  |  z  I  |  %tz I
L0 o  0  1 l  L l  J  L  1  J

which upon multiplication leads to the system
of polynomial identities (in indeterminates .x,
y and e):

h g * l p ! * l l : z * h - t
lax * lzz! * lzaz * tz : th * r,
lg$ * lszt * ls& * ls - 14, + z.

Equating corresponding coefficients, we have
lp = l, ln = t and /aa = l, tt - Vz, tt =
Ya (the rs are the sonstant terms of the
polynomials) and all ttre rest are zero. Hence,

f % 1
l % l
t_%J

This result tells us that a is a diamond-glide
operation. The symmetry element of B (in this
case a plane) will now be found by adapting
equation (1):

( / a - R ) e : t  -  d

real numbers er anrd aa is a solution. As expected,
this solution describes a plane. Choosing a con-
venient vector in this set for our solutioo,.we let

l -o I
e : I ya | (where €t $d eswere bot]r chosen

L0 I
as 0). Hence, the mirror plane of p associated
with the diamond-glide operation a parallels

l-o I
(1I0) andpassesthroughthepoint | % | ana

LO J
6 is the translational operator that maps each
vectorr tor * Yaa * Yab * %c.

Appr-rcerroN oF THE MsrHop

In the final two examples of the application
of the method, the problem of determining the
nature of the composition of two space-group
operations is considered.

Example 5

For space group R3c (No. 167, hexagonal
basis), we will form the composition of space-
group operations ar and ql where cr, is the
half-turn with its axis parallel to b passing
through the point e = l4c and a, is the
translational operation that maps r to r *
Yaa * Vab - lsc for all r. We begin bY
constructing M(q) and M(a,). If ar = 8rPr,
then as ar lacks a translation component (being
a pure rotation), Nr is the identity mapping and
so d = 0. Inasmuch as pr is a half turn (Fig. 3),
the matrix representation 'for cr (a half turn
about b) is

l -o  r  o  o l
l l  0  0  % l

M ( a ) : 1 0  0  |  Y a l
L 0  0  0  1 l

From R we see that a is a mirror operation
that interchanges a and b and leaves c fixed
and, hence, is a mirror operation whose sym-
metry element is a plane containing c and bi-
3ssring a and b. Therefore, tle symmetry ele-
ment of cr parallels (1 l0). The order of R is
2 sinse R I Is and R2 = .fe. To solve for d,
equation (2) is employed:

1 2  I
d : i ,Z ,Rn : i  (R t+R , t )

:+(t :iilt?r21
+ ti 3 ql t*l)

r-i -i nl[i]:r?ulo

Rr : l'i 3-l l
As e : %" :l'ill ,bvequation (1)

':[3f i] tjl .[ll :l],1
M ( a ) :

As as is a pure translational operation,
plication of the method yields

[-i [:4]

til4l
Solving this system of.equations, we find that

l -e1  I
any vector of the form I er * 1Z I for

LaaJ
M(az) :

aP-
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.  (g )  =  -g-9

To discover the nature of a = cueor where tz =
8p, we apply the second half of tle method.
As the R for a is tle same as that for ar, then
B is a half turn parallel to b. To find d, equa-
tiou (2) is applied. As the order of R is 2,

u: + ,2,
Therefore, I is the translational operation that
maps each point r to r + l2b. Hence, <r is a
half-turn screw operation. To find the sym-
metry element (rotation uds) of p, equation
(l) is used:

( f a - R ) o : t  d

is the set of all

where az is any

MINERALOGIST

real number. Taking €z : 0, note that the axis
of the half-turn I passes through the point
% a * $c. Hence, a half-turn with its rota-
tion axis parallel to b and passing tlrough the
Wnt tZc combined with a translational opera-
tion that generates the vector %o * %b - %c
is equivalent to a half-turn screw operation wit!
with its rotation parallel to b and pa$ing
through the point %a * $c.

Example 6

As a last example, the composition, c!, of
two space-group operations rrr and d, contained
in the cubic space group F4.32 (No. 210) is
examined. I*t at be a half-turn screw operation
(d = t/+b * Y+c) such that the symmetry
axis of Br parallels [011] and passes through
the point e = 7/sa and let qz be a quarter-tum
screnr operation (d - r/ab) such that the sym-
metry axis of Bz parallels [O10] and passes
through the point e = t/4a, This information
and an understanding of how the basis vectors
transform leads to

M(q:'o:) :

The nature of the o associated with cu may be
deduced by examining the columns of R. In
this case, as o(a) - -b, o(b) = c and cr(c) =
-a (Fig. 4), it can be shown tlat <r may be
viewed either as a third-turn about [1T[l or a
negative third-turn about [111]. In some in-
stances, this may not, however, be an obvious
result. Nevertheless, by examining the deter-
minant and tle diagonal elements of R, the
proper or improper character and the turn
angle p of the point:group operation are fould
as follows. For any space-group operation, the
proper or improper character of o is ascer-
tained by evaluating the determinant of R,
det R. lf. det R = +1, then o is a lotation
whereas if. det R = -1, then o is a rotoinver-
sion @r6dley & Cracknell I972).In this exam-
plg as

r  0  0 - 1 ' l
d e t R :  l - l  0  0 l : + 1 ,

L O l O J

it can be concluded that o is a rotation.
By definition, if P is some rotation about an

Tlilr. CANADIAN

=Fl

o(e)=-r =[!,]

Irrc. 3. The effect of a half-turn o about b on the
basis vectors of a hexagonal crystal. The half
turn d rotates a into self-coincidence with
-a -b, b into itself and c into --<, i.e.,

" [i] : [-l] ," [3] : [:l
ando f3l  :  r  0'r

L 1.I L _?J

Therefore,

M(a*t): lr(q2)M(a1, : 
l-ai 3 _l
Loo o

%1'frl tsl'ftllii gft
l -  o  o - r  o - l
l -1  o  o  %l

M ( q ) :  I  0  I  0  % l
L  0  0  0  11 .

Ri,: +t3l :141

[3H!] tttl:w\-tL\w]
The solution ol this systerr

vectors or tr,u ro* l- f I
L#l
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l- -r' I
I  t "  I  . I f  w e s e t e a

L '"-J
[-r I
I f I definesthe

L IJ

?z
z \J 

-. vectors of the form

l-il
LU

: 1, the vector e :

Ftc. 4. The effect of a negative-third turn o along
r  - 11

the vector | 1 | on the basis of a cubic crystal.
L  t l

The negative third turn r rotates a into -b, b into c
and c : -a.

axis sontaining 0 and if i is an inversion over 0
such that i(r) = -r for all r, then O = Pi =
iP is a roto-inversion (c1., Boisen & Gibbs 1976
for a discussion of these ideas). In this case
we assign as the turn angle of @ the turn angle
of P and as the rotation axis of Q the rotation
axis of P. When det R = -1, indicating that
c is a rotoinversion, it will be convenient to
sonvert R to a matrix representing a rotation
by multiplying each of its entries by -1. When
this is done, the turn angle p and the orienta-
tion of the rotation axis of the roto-inversion
are found in exactly the same way as done for
a rotation. The turn angle, p, of o for any
space-group operation is obtained from the
trace of R, tr R = /u * ln * lss, such that
(cf., Benson & Grove 1971, p.2l)

p : +cos-r VA (tr R - L)J.

In our examplg since /r R = 0, we may con-
slude that p - !.I20". Hence, as asserted
earlier, q is either a third-turn rotation or a
negative third-turn rotation depending on the
chosen orientation of the axis. The points e on
the rotation axis of a nonidentitv rotation o
satisfy the equation

( / g - R ) e : 0  ( 3 )

as for o the d and t of equation (1) are both
equal to 0. Hence,

orientation of the rotation axis. However, there
are two choices that can be made for the posi
tive end of the rotation axis of a, 'i.e,, -a * b
* c or a - b - c. If thevector a - b - c is
chosen to point along the positive end of the
rotation axis, then we see tbat a is a third turn
by observing tllat a positive rotation of 120'
about the axis maps a into -b. On the other
hand, if -a * b * c is chosen to point along
the positive end of the rotation axis, then o is
seen to be a negative-third turn by observing
fltat a rotation of -120' about the axis also
maps a into -b. To find the d associated with
c, we use equation (2). Since the order of .R is 3,

rnl
and we see that 8 defines a translation of space
along the vector * a + b * c. The convention
is that t1e translational component of a screw
operation translates space along the positive
end of its symmetry axis. The choice of a
positive direction on q should be consistent
with this convention on a and, hence, we may
conclude the o is a negative-third'turn opera-
tion about the vector - a * b 1- c because 8(r)
= r - Yaa * Ysb * t/sc tor all r in space.
However, in the absence of a nonzero transla-
tion component (i,e., d = 0), tle choice of the
positive direction of the rotation axis for cr
is arbitrary; hence, either one is 'ocorrect."

To find the set of points defining the rotation
axis of F, equation (1) is used:

( I g - R ) e : t - d

The solution set to this system is the set of all
vectors of the form

d: + 01, *u.: + t-i]

ti _i il l,tl:wl

.: lx ;nl
ti_?ilt,il-t[] where es is any real number. Setting €s, = O,

it is seen that the symmetry axis of the third
turn passes through the point e = lsa - l/6b.
Hence, the composition of aa followed by cur isThe solution to this system is the set of all
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equiyalent to a negative-third-turn screw op_era- number oI helpful suggestions for, improvement.

tion taking place about a line paralleling t1111 The Earth Sciences Section of N.S.F. is thanked
and passinfi through the point Ysa- l/6b, for supporting t$t study, with ,qant- DES75-

14912. We are also grateful to Mrs. Ramonda

SuMr\4ARy oF METH.D 
Haycocks for typing the manuscript and Mrs.
Sharon Chiang ,for drafting the figures.

Given the motion of a space-gtoup operation
<r = 00, the method yields its matrix representa-
tion M(a) - {R,t}. The elements of R are
found by examining the images of the basis
vectors under o (the parallel operation to B
through 0), and t = Q" - R)e * d where e is
a point on the symmetry element of B and d
is the vector generated by 8.

On the other hand, given a matrix M(a) =
{R,t}, the method reveals the motion (i.e. I and
p) of. a. From the matrix R, c is found by in-
ipection (as R is tle matrix representation for
c). As R and t are grven, d can be found by
the formula

1 n
d: --:- > Rdt

n  i a r

where z is the smallest positive integer for
which R" = .fg is rue. Substituting R, d and
t into the equation (/r R)e = t - d and solving
we obtain as the solution for e, the set of all
points on the symmetry element of B. Hence,
both I and B are determined.
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